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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H\in\beth_{n}(\Sigma)$\end{document}$. If the Green function in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beth_{n}(\Sigma)$\end{document}$ is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {GF}_{\Sigma }(G,H)$\end{document}$, then: (I)The Poisson kernel can be defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{POI}_{\Sigma}(G,H)=\frac{\partial}{\partial n_{H}}\mathcal{GF}_{\Sigma}(G,H), $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{\partial}{\partial n_{H}}$\end{document}$ denotes the differentiation at *H* along the inward normal into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beth_{n}(\Sigma)$\end{document}$.(II)The Green potential in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beth_{n}(\Sigma)$\end{document}$ can be defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{GF}_{\Sigma} \nu(G)= \int_{\beth_{n}(\Sigma)}\mathcal{GF}_{\Sigma}(G,H)\,d\nu(H), $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\in \beth_{n}(\Sigma)$\end{document}$ and *ν* is a positive measure in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beth_{n}(\Sigma)$\end{document}$.

Definition 3 {#FPar7}
------------

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\in\beth_{n}(\Sigma)$\end{document}$ and any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H\in\daleth_{n}(\Sigma)$\end{document}$. Let *μ* be a positive measure on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\daleth_{n}(\Sigma)$\end{document}$ and *g* be a continuous function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\daleth_{n}(\Sigma)$\end{document}$. Then: (I)The Poisson integral with *μ* can be defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{POI}_{\Sigma} \mu(G)= \int_{\daleth_{n}(\Sigma)}\mathcal{POI}_{\Sigma}(G,H)\,d\mu(H). $$\end{document}$$(II)The Poisson integral with *g* can be defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{POI}_{\Sigma} [g](G)= \int_{\daleth_{n}(\Sigma)}\mathcal{POI}_{\Sigma }(G,H)g(H)\,d \sigma_{H}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d\sigma_{H}$\end{document}$ is the surface area element on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\daleth_{n}(\Sigma)$\end{document}$.

Definition 4 {#FPar8}
------------

Let *μ* be defined in Definition [3](#FPar7){ref-type="sec"}. Then the positive measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu'$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\mu'=\left \{ \textstyle\begin{array}{l@{\quad}l} \frac{\partial h_{\Sigma}(\Omega)}{\partial n_{\Omega}} t^{-\kappa _{\Sigma}-1}\,d\mu& \mbox{on } \daleth_{n}(\Sigma; (1,+\infty)) ,\\ 0 & \mbox{on } \mathbf{R}^{n}-\daleth_{n}(\Sigma; (1,+\infty)). \end{array}\displaystyle \right . $$\end{document}$$

Definition 5 {#FPar9}
------------

Let *ν* be any positive measure in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beth_{n}(\Sigma)$\end{document}$ satisfying $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{GF}_{\Sigma} \nu(G)\not\equiv+\infty $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\in\beth_{n}(\Sigma)$\end{document}$. Then the positive measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\nu'$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\nu'=\left \{ \textstyle\begin{array}{l@{\quad}l} h_{\Sigma}(\Omega) t^{-\kappa_{\Sigma}} \,d\nu& \mbox{on } \beth _{n}(\Sigma; (1,+\infty)) ,\\ 0& \mbox{on } \mathbf{R}^{n}-\beth_{n}(\Sigma; (1,+\infty)). \end{array}\displaystyle \right . $$\end{document}$$

Definition 6 {#FPar10}
------------

Let *μ* and *ν* be defined in Definitions [3](#FPar7){ref-type="sec"} and [4](#FPar8){ref-type="sec"}, respectively. Then the positive measure *ξ* is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\xi=\left \{ \textstyle\begin{array}{l@{\quad}l} t^{-1-\kappa_{\Sigma}}\, d\xi' & \mbox{on } \overline{\beth _{n}(\Sigma ; (1,+\infty))} ,\\ 0& \mbox{on } \mathbf{R}^{n}-\overline{\beth_{n}(\Sigma; (1,+\infty))}, \end{array}\displaystyle \right . $$\end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\xi'=\left \{ \textstyle\begin{array}{l@{\quad}l} \frac{\partial h_{\Sigma}(\Omega)}{\partial n_{\Omega}}\,d\mu(H) & \mbox{on } \daleth_{n}(\Sigma; (1,+\infty)) ,\\ h_{\Sigma}(\Omega)t\,d\nu(H)& \mbox{on } \beth_{n}(\Sigma; (1,+\infty)). \end{array}\displaystyle \right . $$\end{document}$$

Remark 5 {#FPar11}
--------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Sigma=\mathbf{S}_{+}^{n-1}$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{GF}_{\mathbf{S}_{+}^{n-1}}(G,H)=\left \{ \textstyle\begin{array}{l@{\quad}l} \log|G-H^{\ast}|-\log|G-H| & \mbox{if } n=2, \\ |G-H|^{2-n}-|G-H^{\ast}|^{2-n} & \mbox{if } n\geq3, \end{array}\displaystyle \right . $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=(X,x_{n})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H^{\ast}=(Y,-y_{n})$\end{document}$, that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H^{\ast}$\end{document}$ is the mirror image of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H=(Y,y_{n})$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial{\mathcal{T}_{n}}$\end{document}$. Hence, for the two points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=(X,x_{n})\in\mathcal{T}_{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H=(Y,y_{n})\in\partial {\mathcal {T}_{n}}$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{POI}_{\mathbf{S}_{+}^{n-1}}(G,H)=\frac{\partial}{\partial n_{y}}\mathcal{GF}_{\mathbf{S}_{+}^{n-1}}(G,H)= \left \{ \textstyle\begin{array}{l@{\quad}l} 2x_{n}|G-H|^{-2} & \mbox{if } n=2, \\ 2(n-2)x_{n}|G-H|^{-n} & \mbox{if } n\geq3. \end{array}\displaystyle \right . $$\end{document}$$

Remark 6 {#FPar12}
--------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(H)$\end{document}$ be a continuous function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\daleth_{n}(\Sigma)$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d\mu =|g|\,d\sigma_{H}$\end{document}$, then we define $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\mu''=\left \{ \textstyle\begin{array}{l@{\quad}l} \frac{\partial h_{\Sigma}(\Omega)}{\partial n_{\Omega }}|g|t^{-1-\kappa _{\Sigma}}\,d\sigma_{H} & \mbox{on } \daleth_{n}(\Sigma; (1,+\infty)) ,\\ 0& \mbox{on } \mathbf{R}^{n}-\daleth_{n}(\Sigma; (1,+\infty)). \end{array}\displaystyle \right . $$\end{document}$$

Remark 7 {#FPar13}
--------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Sigma=\mathbf{S}_{+}^{n-1}$\end{document}$. Then we define $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\varrho=\left \{ \textstyle\begin{array}{l@{\quad}l} \frac{d\varrho'}{|y|^{n}} & \mbox{on } \overline{\mathcal {T}_{n}} ,\\ 0& \mbox{on } \mathbf{R}^{n}-\overline{\mathcal{T}_{n}}, \end{array}\displaystyle \right . $$\end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\varrho'(y)=\left \{ \textstyle\begin{array}{l@{\quad}l} d\mu& \mbox{on } \partial{\mathcal{T}_{n}} ,\\ y_{n}d\nu& \mbox{on } \mathcal{T}_{n}. \end{array}\displaystyle \right . $$\end{document}$$

Definition 7 {#FPar14}
------------

Let *λ* be any positive measure on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{R}^{n}$\end{document}$ having finite total mass. Then the maximal function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M(G;\lambda,\beta)$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak{M}(G;\lambda,\beta)=\sup_{ 0< \rho< \frac{r}{2}}\rho^{-\beta} \lambda\bigl(B(G,\rho)\bigr) $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=(r,\Xi)\in \mathbf{R}^{n}-\{O\}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta\geq0$\end{document}$. The exceptional set can be defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb{EX}(\epsilon; \lambda, \beta)=\bigl\{ G=(r,\Xi)\in\mathbf{R}^{n}- \{O\}; \mathfrak{M}(G;\lambda,\beta)r^{\beta}>\epsilon\bigr\} , $$\end{document}$$ where *ϵ* is a sufficiently small positive number.

Remark 8 {#FPar15}
--------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta>0$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda(\{P\})>0$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P\neq O$\end{document}$. Then (I)Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathfrak{M}(G;\lambda,\beta)=+\infty$\end{document}$.(II)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{G\in\mathbf{R}^{n}-\{O\}; \lambda(\{P\})>0\}\subset \mathbb{EX}(\epsilon; \lambda, \beta)$\end{document}$.

Recently, Qiao and Wang (see \[[@CR5]\], Corollary 2.1 with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m=0$\end{document}$) proved classical Poisson-type inequalities for Poisson integrals in a half space. Applications of them were also developed by Pang and Ychussie (see \[[@CR6]\]) and Xue and Wang (see \[[@CR7]\]). In particular, Huang (see \[[@CR8]\]) further obtained Schrödinger-Poisson-type inequalities for Poisson-Schrödinger integrals and gave their related applications.

Theorem A {#FPar16}
---------

*Let* *g* *be a measurable function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\partial{\mathcal{T}_{n}}$\end{document}$ *satisfying* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{\partial{\mathcal{T}_{n}}}\bigl|g(y)\bigr|\bigl(1+|y|\bigr)^{-n} \,dy< \infty. $$\end{document}$$ *Then the harmonic function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{POI}_{\mathbf{S}_{+}^{n-1}}[g](x)=\int_{\partial{\mathcal {T}_{n}}}\mathcal{POI}_{\mathbf{S}_{+}^{n-1}}(x,y)g(y)\,dy$\end{document}$ *satisfies* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{POI}_{\mathbf{S}_{+}^{n-1}}[g]=o\bigl(|x|\sec^{n-1} \theta_{1}\bigr) $$\end{document}$$ *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|x|\rightarrow\infty$\end{document}$ *in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{T}_{n}$\end{document}$.

Results {#Sec2}
=======

Our first aim in this paper is to prove the following result, which is a generalization of Theorem [A](#FPar16){ref-type="sec"}. For similar results with respect to Schrödinger operator, we refer the reader to the literature (see \[[@CR5], [@CR9]\]).

Theorem 1 {#FPar17}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{POI}_{\Sigma}\mu (G)\not \equiv +\infty$\end{document}$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=(r,\Xi)\in\beth_{n}(\Sigma)$\end{document}$, *where* *μ* *is a positive measure on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\daleth_{n}(\Sigma)$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathcal{POI}_{\Sigma} \mu(G)=o\bigl(r^{\iota_{\Sigma}}\bigl\{ h_{\Sigma}(\Xi)\bigr\} ^{1-\alpha}\bigr), $$\end{document}$$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G\in\beth_{n}(\Sigma)-\mathbb{EX}(\epsilon; \mu',n-\alpha)$\end{document}$ *as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r \rightarrow\infty$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb {EX}(\epsilon; \mu',n-\alpha)$\end{document}$ *is a subset of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Corollary 3 {#FPar21}
-----------
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The following result is very well known. We quote it from \[[@CR10]\].

Theorem B {#FPar22}
---------

see \[[@CR10]\]
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Theorem C {#FPar23}
---------

see \[[@CR9]\], Theorem 2
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As an application of Theorem [1](#FPar17){ref-type="sec"} and Lemma [3](#FPar28){ref-type="sec"} in Section [2](#Sec2){ref-type="sec"}, we give the growth properties of positive superharmonic functions at infinity in a cone.

Theorem 2 {#FPar24}
---------
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Theorem [2](#FPar24){ref-type="sec"} immediately gives the following corollary.

Corollary 4 {#FPar25}
-----------
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Lemmas {#Sec3}
======

In order to prove our main results we need following lemmas. In this paper let *M* denote various constants independent of the variables in questions, which may be different from line to line.

Lemma 1 {#FPar26}
-------

see \[[@CR4]\], Lemma 2
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Lemma 2 {#FPar27}
-------

see \[[@CR5]\], Lemma 5
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The estimation of the Green potential at infinity is the following, which is due to \[[@CR5]\].

Lemma 3 {#FPar28}
-------
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Proof of Theorem [1](#FPar17){ref-type="sec"} {#Sec4}
=============================================
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                \begin{document} $$\begin{aligned} & \mathcal{POI}_{\Sigma}^{3}(G) \leq Mr^{\iota_{\Sigma}}h_{\Sigma}(\Xi) \int_{\daleth_{n}(\Sigma;[\frac {5}{4}r,\infty))}t^{-\kappa_{\Sigma}-1}\frac{\partial}{\partial n_{\Omega}}h_{\Sigma}( \Omega)\,d\mu(H) \\ &\hphantom{\mathcal{POI}_{\Sigma}^{3}(G)}\leq M \epsilon r^{\iota_{\Sigma}}h_{\Sigma}(\Xi), \end{aligned}$$ \end{document}$$ from ([12](#Equ12){ref-type=""}), ([13](#Equ13){ref-type=""}), and \[[@CR11]\], Lemma 4.
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Next, we shall estimate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{POI}_{\Sigma}^{22}(G)$\end{document}$. We can find a number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{1}$\end{document}$ satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{1}\geq0$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\daleth_{n}\biggl(\Sigma;\biggl(\frac{4}{5}r, \frac{5}{4}r\biggr)\biggr)\subset B\biggl(G,\frac{r}{2}\biggr) $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G=(r,\Xi)\in\Lambda(k_{1})$\end{document}$, where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda(k_{1})=\Bigl\{ G=(r,\Xi)\in\beth_{n}(\Sigma); \inf _{z\in\partial \Sigma }\bigl|(1,\Xi)-(1,z)\bigr|< k_{1}, 0< r< \infty\Bigr\} . $$\end{document}$$
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                \begin{document} $$\begin{aligned} \mathcal{POI}_{\Sigma}^{22}(G) \leq& Mr^{\iota_{\Sigma}}h_{\Sigma}(\Xi) \int_{\daleth_{n}(\Sigma;(\frac {4}{5}r,\infty))}d\mu'(H) \\ \leq& M \epsilon r^{\iota_{\Sigma}}h_{\Sigma}(\Xi) \end{aligned}$$ \end{document}$$ from \[[@CR11]\], Lemma 4.
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Proof of Corollary [1](#FPar18){ref-type="sec"} {#Sec5}
===============================================
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                \begin{document} $$\begin{aligned} \int_{\daleth_{n}(\Sigma;(R,+\infty))}\bigl|g(H)\bigr|\mathcal{POI}_{\Sigma }(G,H)\,d \sigma_{H} \leq& M \int_{R}^{\infty}t^{-\iota_{\Sigma}-1}\biggl( \int_{\partial{\Sigma }}\bigl|g(t,\Omega )\bigr|\,d_{\sigma_{\Omega}}\biggr)\,dt< \infty. \end{aligned}$$ \end{document}$$
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$\mathcal {POI}_{\Sigma}[g](G)$\end{document}$ is finite, which means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\mathcal{POI}_{\Sigma}[g](G)$\end{document}$ is a harmonic function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$G\in \beth_{n}(\Sigma)$\end{document}$. Meanwhile, Theorem [1](#FPar17){ref-type="sec"} gives ([7](#Equ7){ref-type=""}). The proof of Corollary [1](#FPar18){ref-type="sec"} is completed.
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